Abstract. A module is called small if it is a small submodule of its injective hull.Özcan and Harmanci showed that every left R-module over a QF ring R can be decomposed into a direct sum of an X-and an X * -module, where X denotes the class of modules that does not contain any small module and X * denotes the class of modules such that every subfactor of them contains a small module. They raised the question if any ring with that property is already QF. In this note we first remark that (X * , X) is a hereditary torsion theory G * . Then we discuss when G * is splitting, that is every module is a direct sum of a torsion and a torsionfree module. We show that this happens for the following classes of rings: left V -rings, local rings, commutative semiperfect rings, semilocal left Kasch rings and direct products of commutative proper integral domains. In particular we show that for any semilocal ring R: G * is (left) splitting if and only if R cogenerates all injective simple left R-modules. Moreover we give a list of examples showing that rings with G * splitting can be far from being QF.
Introduction
Let R be an associative ring with unit. For a left R-module M and a class X of left R-modules we denote the trace of X in M by trace(X , M ) := {Im (f ) : f ∈ Hom (X, M ), X ∈ X }. We also abuse notation and write Hom (X , M ) = 0 if there is no homomorphism from a module X ∈ X to M . A left R-module M is called singular if there are left R-modules L and K such that K is an essential submodule of L and M ≃ L/K. We denote the class of singular left R-modules by R SIN GU LAR and the sum of all singular submodules of a module M by Z( R M ) := trace( R SIN GU LAR, M ). Dually a left R-module M is called small if there are left R-modules K and L such that K is a small submodule of L and M ≃ K. It is well-known that M is a small left R-module if and only if it is a small submodule of its injective hull E(M ) (see [R82] ). We denote the class of small left R-modules by R SMALL and denote the sum of all small submodules of a module M by Z * ( R M ) := trace( R SMALL, M ). The class of small modules is closed under submodules, homomorphic images and finite direct sums.
Ozcan and Harmancı defined the following classes in [OH] :
X := {M ∈ R-Mod : Z * (M ) = 0} X * := {M ∈ R-Mod : ∀U ⊂ V ⊆ M : Z * (V /U ) = 0}
and they showed, that over a QF-ring every left R-module is a direct sum of an X-module and an X * -module.
Consider the following general construction: Let X be a class of left Rmodules closed under ismorphisms and submodules. Define the following classes:
Then (T(X ), F(X )) is a hereditary torsion theory (see [BKN, II1.3] ), the smallest hereditary torsion theory such that all X -modules are torsion. The torsion radical is τ X (M ) = trace(T(X ), M ) and trace(X , M ) τ X (M ) holds. Moreover we have the following: Lemma 1.1.
Proof. Let U ⊂ V ⊆ N ∈ T(X ). As V /U ∈ T(X ) holds, we have trace(X , V /U ) = 0. Now assume that N is a member of the class of modules from the right hand side and let M ∈ F(X ), f ∈ Hom (N, M ). As N/Ker (f ) ∈ F(X ) we have trace(X , N/Ker (f )) = 0 and thus Ker (f ) = N . Since this holds for all f we have Hom (N, M ) = 0 yielding N ∈ T(X ).
The Goldie torsion theory is defined as:
Let us define a dual Goldie torsion theory:
And denote their torsion radicals by G() resp. G * (). From Lemma 1.1 we see, that X * = G * and X = N * holds. HenceÖzcan and Harmancı's module classes (X * , X) form actually a hereditary torsion theory R (G * , N * ) (compare [R] ). Thus we can apply torsion theory to discuss the following question raised byÖzcan and Harmancı in [OH] : "Is a ring R such that every left R-module is a direct sum of an X-module and an X * -module a QF ring ?". The answer is "No" and we'll discuss this question in detail. A torsion theory is called splitting if every left R-module is a direct sum of a torsion and a torsionfree module. Hence we can reformulate the above question as: "Is a ring R whose torsion theory R (G * , N * ) is splitting a QF ring ?" Note that a simple left R-module is either singular or projective and either small or injective.
V-rings and almost small rings
There are two extreme cases that will give us the first negative examples. Proof. If R is left small, then every cyclic left R-module is small. Hence Z * (M ) = M holds for all M ∈ R-Mod. The claim follows from the fact that Rad (M ) = Z * (M ) holds for injective modules. The converse is clear since R ⊆ Rad (E(M )) holds. Every left module over a left perfect ring has a small radical. Therefore left small rings cannot be left perfect.
Any direct product of commutative proper integral domains is a small ring ( [R87] ) and so an example of a non-perfect ring with (G * , N * ) trivially splitting.
Proposition 2.3. Any local ring is either simple or left and right almost small.
Proof. Let R be a local ring. If R/Jac (R) is injective, then R is a left V -ring and hence simple. If R/Jac (R) is small, then R ∈ G * as G * is closed under extensions. Hence R is left and right almost small.
3. The splitting of the dual Goldie torsion theory.
Lemma 3.1. Let R 1 , . . . , R n be rings and denote R := R 1 × · · ·× R n the direct product with componentwise multiplication. For all i, let X i ⊆ R i −M od be classes of left R i -modules closed under submodules and isomorphisms and set
Proof. Note that the unit of R is 1 = (1 R 1 , . . . , 1 Rn ) and
Proof. In order to apply the above Lemma, we have to show, that R SMALL = n i=1 R i SMALL holds. But this is true since for all M ∈ R-Mod: Proof. Let R be a commutative semiperfect ring. Then R = R 1 × · · · × R n with R i local rings. By Proposition 2.3 local rings are either simple or almost small. Let S be the product of all simple rings R i and T be the product of all almost small rings R i (which is almost small by Corollary 3.2). Then R = S × T proves the claim.
A torsion theory τ is called cohereditary if the class of τ -torsionfree modules is closed under homomorphic images. Example 1 shows that (G * , N * ) doesn't have to be cohereditary. Proof. (a) ⇒ (b) Let R R = R T ⊕ R S with R T ∈ G * and R S ∈ N * . As N * = F( R SMALL) we have Hom (T, S) = 0 and thus T S = 0 implies that T is an ideal in R. As N * is closed under homorphic images we have Hom (S, T ) = 0 and thus ST = 0. Hence T and S are ideals with T ∩ S = 0. Thus R = T × S. Hence all R M ∈ G * are generated by R T and all R M ∈ N * are generated by R S. Thus T is left almost small and S a left V-ring. Let C, I resp. P denote the class of semisimple, injective resp. projective left R-modules. Before we state a more general result about the splitting of (G * , N * ) we note that the following equivalences hold:
If one of the above conditions hold, then all
Moreover in this situation R (G * , N * ) is cohereditary. Let R be a semilocal ring and M ∈ N * . Then Rad (M ) = 0 implies M is semisimple. By the above we have N * = C ∩ I. A torsion theory is called stable if the class of torsion modules is closed under essential extensions. Collecting facts about torsion theory, we get: Theorem 3.6. Let R be a ring with N * ⊆ I. Then the following are equivalent: The second part of the following was pointed out to the author by Mark Teply. Let us denote the left (resp. right) annihilator of an ideal I by l(I) (resp. r(I)). Proof. Let R be a semilocal Kasch ring, then we have l(r(Jac(R)))/Jac(R) ⊆ R/Jac (R) ⊆ Soc ( R R) = r(Jac (R)). Therefore l(r(Jac (R))) 2 /Jac (R) = 0 implies l(r(Jac (R))) = Jac (R) as R/Jac (R) is semisimple artinian. On the other hand assume that l(r(Jac (R))) = Jac (R) holds. We prove that R is a left Kasch ring. Let R E be an injective simple module with E ≃ (Ra + Jac (R))/Jac (R) ≃ Ra/(Ra ∩ Jac (R)) for an a ∈ R. Since a / ∈ Jac (R) there exists by hypothesis an b ∈ r(Jac (R)) = Soc ( R R) with ab = 0. Thus we have an isomorphism φ : E → Rab with φ(rā) := rab. Hence R is a left Kasch ring.
Summarizing we have: R (G * , N * ) splits for the following rings (1) left V -rings; (2) local rings; (3) semilocal left Kasch rings; (4) semilocal left PF-rings; (5) commutative semiperfect rings; (6) products of commutative integral domains; (7) any finite direct products of the rings (1)-(6).
The following examples show that rings with (G * , N * ) splitting can be far from being QF.
Example 2.
1. Let k be a field and [BKN, p.228] [C] ) Let k := Z Z 2 and R the k-algebra with countably many generators θ 1 , θ 2 , · · · and relations θ 2 i = θ 2 j , θ 3 i = 0 = θ i · θ j for all i = j. Then R is a commutative local ring with proper simple socle and hence almost small but neither artinian nor self-injective. 6. (Björk, [B] ) Let K be a field and k a subfield with an isomorphism α : K → k. Let R be the free K-algebra with generators 1 and θ and relations θ 2 = 0 and θa = α(a)θ for all a ∈ K. Then R is a left artinian, local ring with Jac (R) 2 = 0. The last example showed that a two-sided artinian condition is not sufficient for the splitting of R (G * , N * ). But we have the following: Proposition 3.9. Let R be a left artinian ring with Soc (R R ) ⊆ Soc ( R R) then R (G * , N * ) splits.
is a commutative non-noetherian von Neumann regular ring (see
Proof. Any left singular R-module M is a R/Soc ( R R)-module and so by hypothesis also a R/Soc (R R )-module. By [R82] M is a left small R-module; by Theorem 3.6(h) R (G * , N * ) splits.
We would like to end this note with two questions:
• When is a left almost small ring QF ? Most of our examples stated above were local almost small rings and none was QF.
• In view of Theorem 3.4 give an example of a ring such that R (G * , N  *  ) is splitting but not cohereditary.
